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Abstract: Active Galactic Nuclei emit radiation over the whole electromagnetic spectrum up to TeV
energies. Blazars are one subtype with their jets pointing towards the observer. One of their typical
features is extreme variability on timescales, from minutes to years. The fractional variability is an
often used parameter for investigating the degree of variability of a light curve. Different detection
methods and sensitivities of the instruments result in differently binned data and light curves with
gaps. As they can influence the physics interpretation of the broadband variability, the effects of these
differences on the fractional variability need to be studied. In this paper, we study the systematic
effects of completeness in time coverage and the sampling rate. Using public data from instruments
monitoring blazars in various energy ranges, we study the variability of the bright TeV blazars Mrk
421 and Mrk 501 over the electromagnetic spectrum, taking into account the systematic effects, and
compare our findings with previous results. Especially in the TeV range, the fractional variability is
higher than in previous studies, which can be explained by the much longer (seven years compared
to few weeks) and more complete data sample.
Keywords: blazars; variability; fractional variability; active galactic nuclei
1. Blazar Variability
Blazars are a subclass of active galactic nuclei (AGN), which are radio-loud and have one of the
relativistic jets pointing in a small angle to the line of sight of the observers. A typical feature of blazars
is a variable flux showing changes on time ranges from minutes to years. One prominent source for
variability over the complete electromagnetic spectrum is the blazar Mrk 421. This source was first
observed in the year 1992 at TeV energies and was the first extragalactic source detected in this energy
range [1]. It is one of the most observed TeV sources in the sky. Another frequently observed source in
the TeV energy range is Mrk 501. This source is known as a highly variable source since its discovery in
very high energy gamma rays in the year 1996 [2].
The spectral energy distributions (SEDs) of the blazars Mrk 421 and Mrk 501 are shown in Figure 1.
The SEDs have the typical two-bump structure, with synchrotron radiation of the relativistic electrons
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in the jet responsible for the low energy bump. The underlying processes of the high energetic bump
are different and still highly debated. There are several models for the gamma-ray emission at high
energies. The different emission models can be tested by using contemporaneous multi-wavelength
data. The correlation between the different energies and the duration of flares are two important
parameters for this.
1010 1012 1014 1016 1018 1020 1022 1024 1026 1028
ν (Hz)
10-14
10-13
10-12
10-11
10-10
10-9
νF
ν(
er
gs
 c
m
−2
s−
1
)
radio X-ray gamma-ray VHE
1030
[Hz]ν
1010 1210 1410 1610 1810 2010 2210 2410 2610 2810 3010
)-1 s
-2
(er
g c
m
νFν
14−10
13−10
12−10
11−10
10−10
9−10
radio X-ray gamma-ray VHE
Figure 1. Spectral energy distribution (SED) of a Mrk 421 flare (left) from 2014 April 29 (shown in blue),
from 2014 May 03 (shown in red), and a Mrk 501 flare (right) from 2009 May 22. The measurements of
different instruments are indicated with different colors and markers. The plots adopted from [3,4],
indicating the energy ranges used in this study as shaded areas(Owens Valley Radio Observatory
(OVRO), magenta; Swift XRT, blue; Swift Burst Alert Telescope (BAT), green; Fermi Large Area
Telescope (LAT), red; First G-APD Cherenkov Telescope (FACT), gray).
In this context, we want to study the degree of variability in the different energy bands. Of course,
the degree of variability depends also on the exact position of the two peaks in the SED, and a peak
shift can influence the result.
2. Fractional Variability
To quantify the intensity of the variability in a given sample of N data points xi the variance
S2= (N − 1)−1 ∑Ni=1(〈x〉 − xi)2 can be used. In the case of blazar light curves, this sample is the
light curve, which includes measurement uncertainties σerr,i. To take these uncertainties into account,
the fractional variability is often the parameter of choice. It combines the variance of the data points and
includes the additional variance that arises from the measuring of these uncertainties. This so-called
fractional excess variance or normalized excess variance is given in [5] as
σ2NXS =
S2 − 〈σ2err〉
〈x〉2 , (1)
where 〈σ2err〉 is the mean square error defined as
〈σ2err〉 =
1
N
N
∑
i=1
σ2err,i. (2)
The square root of the fractional excess variance σ2NXS is the so-called fractional variability
Fvar =
√
S2 − 〈σ2err〉
〈x〉2 . (3)
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This parameter contains exactly the same information as the normalized excess variance.
The uncertainty of Fvar according to [6] is given by
∆Fvar =
√
F2var + err(σ2NXS)− Fvar (4)
with the uncertainty of the normalized excess variance (taken from [7])
err(σ2NXS) =
√√√√(√ 2
N
〈σ2err〉
〈x〉2
)
+
(√
〈σ2err〉
N
2Fvar
〈x〉
)2
. (5)
3. Multi-Wavelength View of the Fractional Variability
To quantity the variability of a source, in many studies Fvar is given. The blazars Mrk 421 and
Mrk 501 have often been observed in multi-wavelength campaigns [8]. Some former variability studies
of Mrk 421 can be found in [3,9–13]. Examples for Mrk 501 studies are [4,14–17]. The studies cover a
time range beginning with data from March 2001 for Mrk 421 and with May 2005 for Mrk 501. In the
early years, there are bigger gaps in the light curves than the current ones, and also the energy ranges
covered by the observations were smaller. Since 2009, systematic MWL campaigns have been organized
containing data from radio to TeV energies [8]. A limitation of these studies is that the data samples
are often short or the gaps in the data sample are large. Only the all-sky monitoring instruments can
provide continuous data.
To compare Fvar of different wavelength, it is crucial to use data of the same time window and
with a time binning of at least the expected and studied time range for the variabilities. Limited by
the data samples of nonmonitoring instruments, MWL studies of the fractional variability so far take
into account limited data samples of the duration of single days (e.g., [3]) to 2.3 years ([11]). Figure 2
shows a comparison of Fvar vs. frequency for Mrk 421 and Mrk 501. The major difference is that for
Mrk 421, the maximum of the variability is in the X-ray regime, while for Mrk 501 the maximum is at
VHE energies. This difference is often seen, and it is indicating that this is a hint of different particle
population, environment, and/or processes in the jets [10]. However, there are also studies measuring
the maximum Fvar at VHE ([3,11]). The shape of the Fvar vs. energy plot of Mrk 421 is an increase
up to X-rays, than a drop down and an increase again up to VHE. This structure looks like a double
hump, which was not seen for Mrk 501 in the past, because there one can see a steady increase of the
variability. In [17], they report a double peak shape also for Mrk 501, so it looks like the structure of
the Fvar vs. energy plot is not a characteristic of a source. Based on the results so far, the shape of
the plot seems to be changing with time. Since there is no uniform shape of the Fvar vs. energy plot,
a systematic study is necessary to figure out what causes the differences.
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Figure 2. Comparison of Fvar vs. frequency of Mrk 421 (left plot) and Mrk 501 (right plot). The data
points are taken from [4,10], where different instruments were used. The energy ranges used in this
study are indicated as shaded areas.
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4. Data Sample
To characterize the variability of a source, an unbiased data sample is necessary to catch all
variations in the activity of a source, not only in high flux states, but also in low flux states. Therefore,
monitoring programs in all spectral bands are crucial. To compare the variability of a source over
the different energy ranges, simultaneous data are needed. For our samples we used radio, X-ray,
and gamma-ray data. The energy ranges are marked in the SEDs of Figure 1. It is also planned to
include optical data in a future study.
Radio data are from the Owens Valley Radio Observatory (OVRO). It is a 40 m telescope that
observes at 15 GHz. It is used for a monitoring program following the blazars observed with Fermi.
This results in about two observations per week and source [18]. These public data1 are available
labeled as daily binning, but for comparison with the other instruments and measurements it should
be mentioned that the observations are short (order of seconds to minutes) and not in a daily cadence.
X-ray observations have been carried out with the Swift satellite since 2004. Public data are
available from the following instruments on board of the Swift satellite: The X-Ray Telescope (XRT) with
an energy range of 0.2 keV up to 10 keV and the Burst Alert Telescope (BAT) with an energy range of
15 keV up to 150 keV. BAT light curves are available in daily binning and orbit wise binning2 [19]. BAT
provides a very complete data sample, because with a field of view of 1.4 steradians, it monitors the
whole sky orbitwise. The coverage of a typical sky point is about 4 h per day. The XRT count rate curves
are available in daily binning3 [20], but have gaps, because the instrument does pointed observations,
and therefore not every days data from each source are available.
We use gamma-ray data from the Fermi Gamma-ray Space Telescope. The Large Area Telescope
(LAT) of the satellite is scanning the whole sky, and therefore it is a perfect instrument for systematic
long-term studies [21]. Public light curves are available in weekly and daily binning4,5. On some days,
the flux state of the source only allows to calculate an upper limit. These upper limits are not taken
into account for the fractional variability calculations. Fermi LAT covers an energy range of 100 MeV
up to 300 GeV. The coverage of a sky point is about 30 min every second orbit. The orbital period is
about 96 min. This results in 2 h coverage per day.
The First G-APD Cherenkov Telescope (FACT) provides data in the very high energy (VHE) range.
FACT monitors the brightest TeV sources in the sky. Being a ground based instrument, the sources are
not visible 24 h per day, causing gaps in the light curves. As the observations are limited to night time,
seasonal gaps are introduced to the light curves. Additional gaps are caused by bad weather and other
environmental influences. Public data are available in daily binning and in 20 min binning6 [22].
The multi-wavelength light curve of Mrk 421 from the instruments used is shown in Figure 3
and for Mrk 501 in Figure 4. The used data are binned daily, and the maximum available time range
is shown.
1 http://www.astro.caltech.edu/ovroblazars/data.php?page=data_query
2 https://swift.gsfc.nasa.gov/results/transients/bat_team/index.html
3 https://www.swift.psu.edu/monitoring/
4 https://fermi.gsfc.nasa.gov/ssc/data/access/
5 NASA DOE: Fermi LAT Collaboration
6 https://fact-project.org/monitoring/
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Figure 3. Multi-wavelength light curve of Mrk 421. The order of the instruments from top to bottom is
FACT (VHE), Fermi LAT (100 MeV-300 GeV), BAT (15-150 keV), XRT (0.2-10 keV), and OVRO (15 GHz).
The gray triangles in the Fermi LAT plot show flux upper limits.
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Figure 4. Multi-wavelength light curve of Mrk 501. The order of the instruments from top to bottom is
FACT (VHE), Fermi LAT (100 MeV–300 GeV), BAT (15–150 keV), XRT (0.2–10 keV), and OVRO (15 GHz).
The gray triangles in the Fermi LAT plot show flux upper limits.
5. Systematic Study
The fractional variability itself does not use any timing information of the light curve, because
of this, it is necessary to be very careful in choosing the data sample and interpreting the result.
The studied time scale of the variability is limited by the time binning and cadence of the data sample.
Another important point is that gaps in the sample have an impact on the outcome of a variability study,
and for comparing data from different instruments only simultaneous data can be easily interpreted.
As fast variability on time scales from minutes to hours has been seen in blazars [23,24], this means that
nonsimultaneous data could result in light curves lacking flaring activities in one band and therefore
different results in Fvar, which would naturally have a larger impact in smaller data samples.
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It is important to understand how the fractional variability changes with the characteristics of the
data sample, and which uncertainties can be expected, if a data sample is incomplete.
5.1. Completeness of Data Sample
Depending on the observing strategies and the observing methods, completely continuous
monitoring is very challenging, and most data samples show gaps on different time scales. Also the
sampling rate and time, based on the expected variability time scale can be a reason for a low cadence,
and therefore gaps in a light curve. For example, typical variations in the radio band have a time
scale of at least a few days. Therefore OVRO observe this blazars every few days for about a minute.
The question is how the outcome of a variability calculation changes when using an incomplete data
sample. Effects on the fractional variability are studied here with the multi-wavelength data sample
of Mrk 421.
For the first part of the study, we define the existing data sample as 100% completeness. To simulate
an incomplete data sample, we randomly remove data points. As an example, the FACT data are shown
in Figure 5. The upper panel shows the complete light curve. From this, between 0% and 100% of
the data points are removed, and the fractional variability is calculated, resulting in one point in the
lower panel of Figure 5. This procedure is repeated N times, resulting in the distribution in the lower
panel of Figure 5. As expected, the spread of the fractional variability increases with the fraction of
removed data.
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Figure 5. The upper plot shows the Mrk 421 light curve of FACT data (1 d binning) and the lower plot
shows Fvar vs. completeness of the data sample of the original light curve.
To evaluate how large N has to be, i.e., how often the procedure needs to be repeated, we study
the relative uncertainty versus N. For this, we calculate the 16% and 84% quantile for each 10% bin in
Figure 5 and plot the relative value with respect to N (see Figure 6). For small N, the 16% and 84%
quantiles fluctuate as expected; but for large N (N > 6000), the relative uncertainty converges. For the
further steps in the study, we use the relative uncertainty calculated with N = 10,000.
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Figure 6. Relative uncertainty vs. number of cycles N for the different fraction bins for the FACT data
sample used in Figure 5.
This procedure is repeated for every data sample of the different instruments in order to calculate
the systematic uncertainty introduced by an incomplete multi-wavelength data sample. The result is
shown in Figure 7. Like expected, there is a systematic error when using an incomplete data sample.
This error decreases with the completeness of the data sample.
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Figure 7. Relative uncertainty of Fvar vs. completeness of data sample for the different instruments.
5.2. Gaps vs. Averaging
While some data samples have gaps on longer time scales, e.g., limited sampling in case of
XRT, others have gaps on short time scales, e.g., the effect of orbits in Fermi. To account for the
limited detector sensitivity, data have to be grouped in larger bins and an average flux is calculated.
To assess the effect of such different strategies (short very sensitive observations vs. almost continuous
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low-sensitivity monitoring), we compare the fractional of weekly binning with week–day binning.
For the latter, we calculate the fractional variability using daily binning, but only the data points of
one day of the week, e.g., Friday. This study is done with data of Mrk 421 for both FACT and Fermi
LAT. The results are shown in Figures 8 and 9.
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Figure 8. The upper plot shows a two week range of the complete FACT Mrk 421 light curve. Each color
is used for one weekday. The black point shows the weekly binning. The lower plot shows the fractional
variability calculated from the complete light curve for each weekday and the weekly binned data.
Modified Julian Date
56510 56512 56514 56516 56518 56520 56522
-
6
] x
10
-
1
s
-
2
Fl
ux
 [c
m
0.1
0.2
0.3
0.4
0.5
0.6
0.7
10×
Weekday
0 1 2 3 4 5 6 7 8
va
r
F
0
0.1
0.2
0.3
0.4
0.5
0.6
Figure 9. The upper plot shows a two week range of the complete Fermi LAT Mrk 421 light curve.
Each color is used for one weekday. The black points show the weekly binning. The lower plot shows
the fractional variability calculated from the complete light curve for each weekday and the weekly
binned data.
The upper plot of Figure 8 shows a zoom on the FACT light curve of two weeks. The different colors
indicate the individual weekdays and the black points show the weekly binned excess rate. The lower
plot compares the fractional variability of each weekday with the weekly fractional variability. One can
see that the value of the fractional variability would vary by 27%, if only one observation per week was
available. Still, the values of the individual days scatter around the weekly value.
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For the Fermi LAT data, the result is different than for the FACT data, because the Fermi LAT
daily light curve of Mrk 421 contains a lot of upper limits, which are not taken into account for the
calculation of the fractional variability. For the weekly binning, the data of every day are used for one
week bin and not ignored like in the case of a upper limit. The fractional variability of one weekday is
smaller than when using the weekly bins. An upper limit is always associated with a flux that is lower
than the sensitivity of the instrument. Therefore, the lowest fluxes of the source are missing in such a
data sample and the full flux range of the source is not entering the variability study.
5.3. Further Effects
There are some more characteristics of a data sample that can have a systematic effect on the
outcome of the calculation of the fractional variability. The influences of the duration of the data points
and the cadence of data taking are planned to be investigated in future.
6. Results
The multi-wavelength data of Mrk 421 and Mrk 501 (Figures 3 and 4) are daily binned, but with a
variety of gaps making the data sample incomplete. A variability study has a systematic uncertainty
caused by this incompleteness.
6.1. Mrk 421
In Figure 10 (upper plot), the complete time range of FACT data (December 2012–June 2018),
is used for a multi-wavelength comparison of the fractional variability of Mrk 421. This is the first time
a 6 year long MWL-data sample is used to calculate Fvar. The black error bars are the standard errors
(Equation (4)) and the gray boxes are the systematic uncertainties due to the incomplete data sample.
The completeness of the data sets are 34% (FACT), 53% (Fermi), 97% (BAT), 28% (XRT), and 16%
(OVRO). For the satellites, the coverage in the orbits is not taken into account in this calculation, as the
studied time scale here is days, not minutes to hours. One can see that the systematic uncertainty
can be much larger than the standard error and needs to be taken into account. For example, due
to the seasonal gaps of FACT observations, when the source is not visible during night time there
is a significant lack of information, which causes this uncertainty. In addition, the larger degree of
variability introduces larger systematic uncertainties as it is defined as a relative value here.
The study of only one observing season is shown in Figure 10 (lower plot). In 2013, the fractional
variability is significantly higher than in the 6-year period. This might be caused by the huge flare on
14 April 2013 and the associated activity. The completeness of the seasonal data sets are 55% (FACT),
68% (Fermi), 98% (BAT), 36% (XRT), and 60% (OVRO).
One can see in both plots the double hump structure that the historical results have shown.
A major difference between the historical studies and this one is the value of the fractional variability.
The value is larger for this long time period compared to the studies in the past (e.g., [10]). In the
historical study shown in Figure 2, Fvar is around 0.03 for radio, between 0.2 and 0.6 for X-ray, around
0.15 for gamma-ray, and around 0.3 for VHE gamma-ray data. The calculated fractional variabilities for
the complete time range and the 2013 season can be found in Table 1. This confirms that the variability
of a blazar is not described comprehensively with a short-term multi-wavelength study, and long term
monitoring is needed.
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Figure 10. Fvar vs. energy for Mrk 421. The black errors are the statistical errors for Fvar and the gray
boxes are the systematic uncertainty introduced by the incompleteness of the data samples. The blue
points are the historical data from Figure 2. The upper plot shows the complete FACT time range
(December 2012–June 2018), and the lower plot shows the 2013 season.
Table 1. Results of the variability study of Mrk 421 (see Figure 10) for the FACT time range, and the
2013 observing season of FACT and Mrk 501 (see Figure 11) for the FACT time range.
Mrk421 Fvar,FACT Fvar,Fermi Fvar,BAT Fvar,XRT Fvar,OVRO
complete time range 1.19± 0.13 0.289± 0.031 0.939± 0.068 0.647± 0.041 0.155± 0.017
2013 observing season 1.84± 0.17 0.256± 0.043 1.25± 0.14 0.955± 0.053 0.0630± 0.0087
Mrk501 Fvar,FACT Fvar,Fermi Fvar,BAT Fvar,XRT Fvar,OVRO
complete time range 1.70± 0.16 0.36± 0.14 0.279± 0.076 0.610± 0.040 0.0466± 0.0057
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6.2. Mrk 501
The Fvar vs. energy plot of Mrk 501 for the FACT time range (January 2013–June 2018) is shown
in Figure 11. Also, the systematic errors caused by gaps in the light curve are drawn as gray boxes.
The completeness of the data sets for the FACT time range are 40% (FACT), 7% (Fermi), 97% (BAT),
21% (XRT), and 11% (OVRO). The calculated fractional variabilities of Mrk 501 can be found in table 1.
Here, one can also see a double hump structure, but the first maximum of the peak is at a lower
energy. For Mrk 421, the maximum of the low energy peak is in the BAT energy range (15 keV to
150 keV) or above, while for Mrk 501 the peak is in the XRT range (0.2 keV to 10 keV) and the fractional
variability drops for the BAT data. Some historical variability studies claimed this structure as a
difference between Mrk 421 and Mrk 501. Also for Mrk 501, the fractional variability is higher at the
low energy peak and in the VHE regime than in previous studies (e.g., [4]). In the shown historical
study (blue points), Fvar ranges from 0.2 to 0.4 for the X-ray data and from 0.4 to 0.9 for VHE data;
while for the complete data sample the values range from 0.2 to 0.6 in the X-ray data and reaches 1.7 in
the VHE data.
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Figure 11. Fvar vs. energy for the time of FACT data for Mrk501. The black errors are the statistical
errors for the fractional variability, and the gray boxes are the systematic uncertainty introduced by the
incompleteness of the data samples. The blue points are the historical data from Figure 2.
From this comparison, it seems that the shape of the Fvar vs. energy curve is dependent on the
chosen time range of the study. Now, it is important to understand how the shape of this curve
correlates with time changing properties of a source, for example the flux state of the source.
7. Summary and Discussion
To compare the variability of a source for different energy ranges or different time ranges,
the fractional variability is a useful tool. In the past, it has been used for many MWL studies. However,
in most studies systematic effects are not taken into account. The detection methods are changing along
the electromagnetic spectrum. Also, the observing strategy depends on the instrument. This leads to
data samples with major differences. The characteristics of the data samples can influence the result of a
variability study, so a systematic study of these effects is needed. We used daily-binned long-term data
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samples from different instruments, from radio up to TeV energies. Due to weather, technical problems,
or observing strategy, the light curves contain gaps. To take the completeness of the data sample into
account, a systematic error was introduced and its dependence on the completeness of the sample
studied. While for OVRO the systematic error increases only for very small completeness, for the
other instruments the systematic error increases with reduced completeness. The systematic error is
then included in the MWL study of the fractional variability. Although adding some uncertainty to
the measurements, the systematic errors are not so large that they influence the conclusions on the
general trends.
In addition to the systematic error, the influence of the exposure in combination with the cadence
was studied. Some instruments have a cadence of one day with low sensitivity, others a weekly
cadence with high sensitivity. Depending on the variability time scale of the source, this might give
different results. Using FACT and Fermi data, we see that the result depends on the sensitivity of
the instrument.
Applying the systematic errors, a variability study of long-term data of Mrk 421 and Mrk 501
was conducted. This study shows that the absolute values of the fractional variability are dependent
on the chosen time range of the study. Using seven years of data compared to only few weeks in
the historical studies, we find significantly higher values for Fvar. For Mrk 421, we find a value of
1.19 ± 0.01 (statistical error) and ±0.12 (systematic error); and for Mrk 501 a value of 1.70 ± 0.02
(statistical error) and ±0.14 (systematic error) for the VHE data. In case a period of high variability is
included, also for a smaller sample, high values for Fvar can be found. For example, Mrk 421 shows a
value for Fvar of 1.84± 0.05 (statistical error) ±0.12 (systematic error) in the observing season of 2013
for the FACT data.
In literature, often a different behavior of Mrk 421 and Mrk 501 is claimed, mentioning a two-bump
structure for Mrk 421 and a steady increase for Mrk 501. Our study cannot confirm this difference
between the two brightest TeV blazars. It seems that the shape of the Fvar vs. Energy plot is time
dependent. This could be a hint of different flux states and of changes in the emitting processes in
the jets. Variability studies are therefore very important and helpful in understanding the processes
occurring in jets.
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